
= 

8 + ( ) = 13 
Adopted by the California State Board of Education, March 2005  
Published by the California Department of Education  
Sacramento, 2006 

Mathematics Framework 
for California 
Public Schools 
Kindergarten Through 
Grade Twelve 



Mathematics Framework 
for California 
Public Schools 

Kindergarten Through 
Grade Twelve 

Developed by the 
Curriculum Development and Supplemental Materials Commission 

Adopted by the 
California State Board of Education 

Published by the 
California Department of Education 



ii

Publishing Information


When the Mathematics Framework for California Public Schools, Kinder
garten Through Grade Twelve (2005 edition) was adopted by the California 
State Board of Education on March 9, 2005, the members of the State Board 
were as follows: Ruth E. Green, President; Glee Johnson, Vice President; 
Ruth Bloom; Donald G. Fisher; Joe Nuñez; Bonnie Reiss; Johnathan 
Williams; and Ricky Gill, Student Member. 

This publication was edited by Janet Lundin, assisted by Dixie Abbott and 
working in cooperation with Mary Sprague, Consultant, Curriculum 
Frameworks and Instructional Resources Division. Some of the mathematics 
content was verified by Tom Lester, Retired Annuitant, Curriculum 
Frameworks Unit. It was designed and prepared for printing by the staff of 
CDE Press, with the cover and interior design created and prepared by Cheryl 
McDonald. Typesetting was done by Jeannette Reyes. It was published by the 
Department of Education, 1430 N Street, Sacramento, CA 95814-5901. It was 
distributed under the provisions of the Library Distribution Act and 
Government Code Section 11096. 

© 2006 by the California Department of Education 
All rights reserved 

ISBN 0-8011-1611-2 

Ordering Information 
Copies of this publication are available for $19.95 each, plus shipping and 
handling charges. California residents are charged sales tax. Orders may 
be sent to the California Department of Education, CDE Press, Sales Office, 
1430 N Street, Suite 3207, Sacramento, CA 95814-5901; FAX (916) 
323-0823. See page 397 for complete information on payment, including 
credit card purchases, and an order blank. Prices on all publications are 
subject to change. 

A partial list of other educational resources available from the Department 
appears on page 395. In addition, an illustrated Educational Resources 
Catalog describing publications, videos, and other instructional media 
available from the Department can be obtained without charge by writing to 
the address given above or by calling the Sales Office at (916) 445-1260. 



iii 

Contents


Foreword ......................................................................................................... v


Acknowledgments .........................................................................................vii


Introduction .................................................................................................xiii


Chapter 1. Guiding Principles and Key Components of an Effective

Mathematics Program .............................................................................. 1


Chapter 2. The California Mathematics Content Standards ....................... 14


Kindergarten ........................................................................................... 20

Grade One ............................................................................................... 23

Grade Two ............................................................................................... 27

Grade Three ............................................................................................ 34

Grade Four .............................................................................................. 42

Grade Five ............................................................................................... 52

Grade Six ................................................................................................. 59

Grade Seven............................................................................................. 68

Introduction to Grades Eight Through Twelve ......................................... 78

Algebra I .................................................................................................. 80

Geometry ................................................................................................ 85

Algebra II ................................................................................................ 90

Trigonometry........................................................................................... 94

Mathematical Analysis ............................................................................. 97

Linear Algebra ......................................................................................... 99

Probability and Statistics ........................................................................ 100

Advanced Placement Probability and Statistics ....................................... 101

Calculus................................................................................................. 103


Chapter 3. Grade-Level Considerations ..................................................... 107


Preface to Kindergarten Through Grade Seven ...................................... 113

Kindergarten ......................................................................................... 116

Grade One ............................................................................................. 121

Grade Two ............................................................................................. 125

Grade Three .......................................................................................... 133

Grade Four ............................................................................................ 140

Grade Five ............................................................................................. 151

Grade Six ............................................................................................... 159

Grade Seven........................................................................................... 168

Preface to Grades Eight Through Twelve ................................................ 174

Algebra I ................................................................................................ 179

Geometry .............................................................................................. 184

Algebra II .............................................................................................. 191




iv 

Trigonometry......................................................................................... 196

Mathematical Analysis ........................................................................... 198

Probability and Statistics ........................................................................ 200


Chapter 4. Instructional Strategies ............................................................. 202


Chapter 5. Assessment ............................................................................... 220


Chapter 6. Universal Access ....................................................................... 228


Chapter 7. Responsibilities of Teachers, Students, Parents,

and Administrators ............................................................................. 240


Chapter 8. Professional Development ........................................................ 246


Chapter 9. The Use of Technology ............................................................ 252


Chapter 10. Criteria for Evaluating Mathematics

Instructional Materials ......................................................................... 260


Appendixes


A.	 Sample Instructional Profile ................................................................... 273

B.	 Elementary School Sample Lesson:


An East Asian Approach ........................................................................ 278

C.	 Resource for Secondary School Teachers:


Circumcenter, Orthocenter, and Centroid ............................................. 287

D. Sample Mathematics Problems .............................................................. 306

E.	 Mathematics Intervention and Algebra Readiness


Instructional Materials ........................................................................... 338

F. Design Principles ................................................................................... 374


Glossary ...................................................................................................... 376


Works Cited ............................................................................................... 384


Additional References ................................................................................. 390


Resources for Advanced Learners ............................................................... 394




v 

Foreword


Pure mathematics is, in its way, the poetry of logical ideas. 
Albert Einstein (1879–1955) 

In 1997, with the adoption of the Mathematics Content Standards for Califor
nia Public Schools, California provided a foundation for a high-quality 
mathematics program that prepares all students for postsecondary education 

and a wide range of careers. This updated edition of the Mathematics Framework 
for California Public Schools, Kindergarten through Grade Twelve is based on the 
standards and provides a context for continuing a coordinated effort to enable all 
California students to achieve rigorous, high levels of mathematics proficiency. 

This framework focuses squarely on the content standards and calls for instruc
tional programs and strategies, instructional materials, professional development, 
and assessments that are aligned with the standards. This edition also includes 
the evaluation criteria that will guide the primary adoption of mathematics 
instructional materials (for kindergarten through grade eight) to be conducted 
in 2007. The evaluation criteria for grade-level mathematics programs requires 
alignment with the appropriate grade-level content standards for kindergarten 
through grade seven and the Algebra I standards for grade eight. 

Over the last several years, mathematics student achievement in California has 
improved. More students are performing at proficient or above levels in most 
grades and many courses, and there has been a significant increase in the number 
of students taking the more college preparatory mathematics courses such as 
algebra and geometry. 

The framework highlights the importance of all students receiving a solid 
education in mathematics and successfully completing the state’s high school 
graduation requirements for mathematics. Students must complete at least two 
courses in mathematics in grades nine through twelve (one or a combination 
of these courses must meet or exceed the rigor of the content standards for 
Algebra I). 

Beginning with the class of 2006, state law also requires that all public school 
students pass the California High School Exit Examination (CAHSEE) in order to 
receive a high school diploma. For those students who are in danger of not 
mastering the mathematics skills measured by the CAHSEE and are struggling in 
their preparation for algebra, the framework outlines the design of instructional 
materials for algebra readiness (for students in grade eight or higher who are not 
prepared for algebra) and mathematics intervention (for students in grades four 
through seven). These materials may be included on the list of mathematics 
instructional materials for kindergarten through grade eight adopted by the 
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State Board of Education beginning in the fall of 2007 and will provide districts 
with additional choices in selecting instructional materials to help all students 
successfully complete Algebra I. 

In addition, the framework provides instructional guidance for teachers to 
enable them to help students achieve mastery of the mathematics standards. 
Sample problems illustrate the standards and discuss common misconceptions 
and pitfalls regarding standards-based education, providing ways to ensure that 
students are ready to move from grade to grade and discipline to discipline. The 
framework stresses careful and thoughtful sequencing of instruction based on the 
standards so that students will master basic skills and techniques for sophisticated 
problem solving and understand sound mathematical reasoning. 

Mathematics—using abstract symbols to describe, order, explain, and 
predict—has become essential to human existence. It is a universal language 
of numbers that is spoken throughout the world and is as important as oral and 
written language is in the communication of ideas. Young people who have taken 
gateway courses such as algebra and geometry go on to college at much higher 
rates than those who do not. The study of mathematics has contributed to the 
fields of medicine, management, economics, government, computer science, 
physics, psychology, engineering, and social science. Mathematics also enables 
us to conduct the simple yet vital transactions of daily life, such as telling time, 
gauging distances, and making change. 

To ensure that tomorrow’s leaders are equipped to compete in our global 
economy and are able to make connections between mathematics and everyday 
life, California needs to educate all students in mathematics at levels consistent 
with their counterparts throughout the world. This framework maps the route 
toward that very achievable goal as set forth in the Mathematics Content Standards 
for California Public Schools. It is a journey that we have no choice but to travel 
and no alternative but to complete successfully. 

JACK O’CONNELL RUTH GREEN 

State Superintendent of Public Instruction President, State Board of Education 
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Introduction


All students need a high-quality mathematics program designed to prepare 
them to choose from among a full range of career paths. California’s 
Mathematics Task Force (1995) called for a rigorous and challenging 

mathematics program for every student—a complete program that reflects a 
balance of computational and procedural basic skills, conceptual understanding, 
and problem solving. Although California students have made gains in recent 
years, the mathematics achievement of many students remains unacceptably low 
(NCES 2003). Educators are challenged to expect more from students in math
ematics, to raise the bar for student achievement through more rigorous curricu
lum and instruction, and to provide the support necessary for all students to meet 
or exceed California’s mathematics standards. 

To compete successfully in the worldwide economy and to participate fully as 
informed citizens, today’s students must have a high degree of comprehension of 
mathematics. The goal of the California State Board of Education is that all 
students will attain California’s mathematics standards for kindergarten through 
grade twelve (hereinafter referred to as “the standards”) and that many will be 
inspired to pursue advanced studies in mathematics. 

This framework is predicated on the belief that proficiency in mathematics is a 
consequence of sustained student effort and effective instruction. All students are 
capable of understanding mathematics, given the opportunities and encourage
ment to do so. 

What’s New in the 2005 Framework? 
The most important feature of this framework is its continued focus on the 

content of the mathematics standards adopted by the California State Board 
of Education in 1997. The goal of accelerating students’ progress through a 
standards-based program has a significant impact on the entire curriculum. As 
specified by the standards, much of the content of the mathematics curriculum 
has shifted into earlier grades, and mathematics instruction in kindergarten 
through grade seven has been substantially strengthened. These standards necessi
tate a more continued substantive, rigorous, and demanding curriculum and 
systematic instruction to better serve California students. 

A goal of this framework is to prepare all students to study algebra by the 
eighth grade. In 2000 legislation was enacted requiring students to complete 
Algebra I as a condition of receiving a high school diploma (Education Code 
Section 51224.5(b)). To support this legislative goal for all students, the 
framework includes guidance on the design of two new types of specialized 
instructional mathematics materials for students having difficulty achieving at 
grade level: a mathematics intervention program for students in grades four 
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through seven whose mastery of prior grade-level standards is incomplete and 
algebra readiness materials for students in grade eight or above who are not 
prepared to take a course in algebra. If, when, and how these materials may be 
used, to meet the needs of students, should be a collective decision involving 
teachers, counselors, administrators, parents, and students. Intervention materials 
are intended to accelerate students’ achievement so that students can succeed in 
the basic grade-level program and complete Algebra I. As previously stated, the 
study of Algebra I in the eighth grade is the goal. The ability of districts to 
purchase and use algebra readiness materials should not restrict students who are 
ready for Algebra I in the eighth grade from enrolling in an Algebra I course. 

An important theme stressed throughout this framework is the need for a 
balance in emphasis on computational and procedural skills, conceptual under
standing, and problem solving. This balance is defined by the standards and is 
illustrated by problems that focus on these components individually and in 
combination. All three components are essential. 

A General Overview: Purpose, Organization, 
and Audience 

The purpose of this framework is to guide the curriculum development and 
instruction that teachers provide in their efforts to ensure that all students meet 
or exceed the mathematics standards. The framework provides a context for 
implementing the standards in the form of guidelines for the design of curricula, 
instructional materials, instructional practices, and staff development. Building 
on the standards, the framework addresses the manner in which all students in 
California public schools can best meet the standards. All students includes those 
performing at, below, and above grade level; English learners; special education 
students; and others with special learning needs. 

More specifically, the framework: 

•	 Describes guiding principles and key components of an effective mathematics 
program (Chapter 1) 

•	 Presents the essential skills and knowledge expected of students in mathematics 
as described in the Mathematics Content Standards for California Public Schools 
and illustrated by sample problems (Chapter 2) 

•	 Describes special considerations and emphases for each grade level to ensure 
student success consistent with the mathematics standards and statewide testing 
program (Chapter 3) 

•	 Provides guidance, based on current research, regarding instructional strategies 
and sample lessons that can be effective in ensuring that every child will meet 
or exceed grade-level standards in mathematics (Chapter 4) 

•	 Guides the development of appropriate assessment methods (Chapter 5) 
•	 Suggests specific strategies to ensure access to appropriately challenging 

curriculum for special needs students (Chapter 6) 



xv 

•	 Describes the responsibilities that all stakeholders must uphold for effective 
implementation of a rigorous and coherent kindergarten through grade twelve 
mathematics curriculum (Chapter 7) 

•	 Suggests guidelines for both preservice teacher preparation and in-service 
professional development (Chapter 8) 

•	 Provides guidance on the use of technology in mathematics instruction 
(Chapter 9) 

•	 Specifies requirements for instructional resources, including print and electronic 
learning resources (Chapter 10) 

In short, the framework should be viewed as a critical tool for designing and 
implementing an effective mathematics program in kindergarten through grade 
twelve and for evaluating instructional resources. 

The framework addresses two primary audiences: (1) educators; and 
(2) developers of instructional resources. Educators include those involved in 
the day-to-day implementation of school mathematics programs—classroom 
teachers, school administrators, district personnel, school board members, and 
others responsible for curriculum and instruction. It also addresses other impor
tant audiences, such as parents and community members, including business 
and civic leaders, who have a vital stake in the success of California students in 
mathematics. 

The following themes permeate the Mathematics Framework:


The framework:

•	 Builds on the mathematics standards and aligns them with curriculum, 

instruction, resources for instruction, and assessment, resulting in a coherent 
and pragmatic plan for achieving high levels of mathematics proficiency for 
all students. It also provides guidance for understanding the standards by 
identifying priorities within the standards and offering concrete examples of 
mathematical problems that demonstrate the concepts within the standards. 

The framework: 
•	 Emphasizes the importance of a balanced mathematics curriculum. In 

particular, the framework stresses the critical interrelationships among compu
tational and procedural proficiency, problem-solving ability, and conceptual 
understanding of all aspects of mathematics, from the simplest calculations to 
the most sophisticated problem solving. 

The framework: 
•	 Addresses the needs of all learners, with no learner left out and no learner 

taught at the expense of another; emphasizes prevention over remediation, 
while recognizing the appropriateness of remediation when it is required; and 
provides suggestions for instructional strategies that may be used with students 
who are English learners, advanced learners, special education pupils, or at risk 
of failing mathematics. 
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The framework: 
•	 Highlights the importance of mathematical reasoning. The mathematical 

reasoning standards are different from the others in that they do not represent 
a specific content area. Mathematical reasoning cuts across all strands. It 
characterizes the thinking skills that students can carry from mathematics into 
other disciplines. Constructing valid arguments and criticizing invalid ones are 
inherent in doing mathematics. 

The framework: 
•	 Stresses the importance of frequently assessing student progress toward 

achieving the standards. Students cannot afford to wait for a year-end test; 
rather, they should be assessed frequently throughout the year to determine 
their progress toward achieving the standards. Teachers, students, and parents 
and guardians need some daily or weekly indication of the extent to which the 
standards are likely to be met. 

The framework: 
•	 Avoids oversimplified guidance on either content or pedagogy in favor of 

guidelines on effective instruction derived from reliable research. 
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